Using the Boltzmann transport equation, we study the zero-temperature resistance of perfect metallic crystals of a finite thickness d along which a weak constant electric field E is applied. This resistance, hereinafter referred to as the phonon residual resistance, is caused by inelastic scattering of electrons heated by the electric field, with emission of long-wave acoustic phonons, and is proportional to
Introduction
At low temperatures pure crystals possess the temperature-independent residual resistance 1, 2, 3 . Detailed studies 4 carried out for a number of good conductors such as Cu, Ag, Pt and Au, have shown that this resistance depends on the purity of the single crystals, the composition of impurities and crystal processing such as annealing 5 . If the crystal thicknesses are much larger than the impurity mean free path of electrons this resistance does not depend on crystal surface properties, and is determined only by the bulk properties 6, 7 . For this reason it will be hereinafter referred to as the impurity residual resistance.
Any single crystal having ideal chemical and isotopic compositions, is inherent, however, non-ideality of the crystal lattice, which is caused by the zero-point vibrations of the atoms in the lattice sites. This quantum effect leads to a finite electron-phonon interaction even in the perfect crystal at zero temperature. From the experimental viewpoint the electric field in the crystal should be nonzero. Both of these factors lead to the fact that due to the work of the electric field the energy of electrons will always be sufficient to generate, at least, acoustic phonons. Then, even at zero temperature inelastic scattering of the field-heated electrons with emission of phonons should occur, and results in a finite value of the resistance that will below be referred to as the phonon residual resistance.
If the electron mean free path caused to this field-induced electron-phonon scattering, would be much less than the crystal thickness, the only defect of this thickness-limited perfect crystal, its surface, will not affect the conductivity. In this case the phonon residual resistance of the perfect crystal is determined only by its bulk properties.
The possibility of this electron-phonon contribution to residual resistivity was pointed out in the footnote 8 , which was also noted that at zero temperature phonon scattering of electrons in the presence of electric field can lead to small nonlinear corrections to the electric field dependence of the current. As far as we know, the paper 9 is the only work in which the electron-phonon scattering contribution to metallic resistivity at 0 K has been studied. For finding the solution of the Boltzmann equation, the expansion of
was used with the assumption that f is the perturbation distribution. As a result, a field-independent residual resistance was obtained. However, in the 0 K case (or at sufficiently low temperatures) this approximation is not valid because the field increase of the electron energies leads to the occupation of electronic states that were vacant initially. Hence, above the Fermi surface the field-dependent region which is significant for the conductivity, is appeared in which 0
. Thus, even at zero temperature the perfect crystals of limited thicknesses can be characterized by a finite resistance. As far as we know, this phonon residual resistance which should be a nonlinear function of the electric field, has not been obtained previously. In pure crystals we can expect competition between the impurity and phonon residual resistances. However the phonon residual resistance has not yet been observed experimentally in pure crystals. We believe that this is due to a certain restriction on the field and the crystal thickness, at which the phonon residual resistance becomes greater than the impurity resistance in crystals of high purity.
The second section of this paper, using the Boltzmann transport equation, the phonon residual resistance of the perfect metallic crystals is derived in weak constant electric fields. The condition of smallness of the field is also discussed.
The third section, using the Matthiessen rule, the restriction on the field and the crystal thickness, at which the phonon residual resistance becomes greater than the impurity resistance in crystals of high purity, is found. Calculations are performed for copper crystals with a purity of at least 99.9999%. The Fröhlich electron-phonon coupling parameter can be determined from measurements of the phonon residual resistivity as a function of the field at a given thickness of the crystals.
Phonon residual resistance of thickness-limited perfect crystals
Let us assume that at temperature close to zero the metal crystal with the thickness d is applied a constant electric field E . Then eEd   can be considered the maximum of the electron energy gain in the field ) 0 (  e . The same value corresponds to this energy gain of a hole below the Fermi surface. We suppose that  is much smaller than the Debye temperature of the crystal,
Then the scattering of electrons near the Fermi surface is accompanied by the emission of long-wavelength acoustic phonons with the energy
where s is the speed of sound and q is the phonon wave vector.
In the considered case the Boltzmann equation takes the form 8 :
where
is the collision integral that can be written as:
Here k  is the electron energy with the electron wave vector k , q V is the matrix element of the electron interaction with the long-wavelength acoustic phonons, the square of which is 10 :
is the Fröhlich parameter, m is the electron effective mass. In the second term in the curly brackets in (4) is convenient to use the replacement  .
Eq. (3) is valid only near the Fermi surface in a narrow layer
, where F v и F k are the Fermi velocity and wave vector, respectively. Outside this layer as a boundary condition for the equation (3) we have the asymptotics:
Solution of Eq. (3) - (4) is complicated by the fact that the collision integral contains the distribution function ) ( q k  f , wherein the integration over the wave vectors of the phonons generated is performed. As noted above, for finding the solution of the Boltzmann equation (3)- (4) the expansion of ) (
with the assumption 1 0 f f  cannot be applied in the considered case. In fact, taking into account (6), one can see that 0
. We use the following approach. In the narrow region
near the Fermi surface the electron wave vector is 
The typical ratio of the speed of sound to the Fermi velocity is Therefore, for a sufficiently small ratio   / we can obtain the relation
. Obviously, it can only be used under a certain restriction on the field. To find this restriction, in the collision integral (4) we substitute the expansion
. As a result, we have:
Introducing the angle  between the vectors k and q , from (8) we conclude that the wave vector of the emitted phonons is almost perpendicular to the electron wave
. Taking into account of (7), the right-hand side of (8) is rewritten as:
In (9) the terms, containing
under the integrals, can be omitted. Then, the last two terms on the right hand side of (9) are reduced to the form:
These two terms must be small compared to the first term on the right side (9) . As a result, taking into account that 1 ) (  k f , we obtain the condition:
Here k is any wave vector lying within the region
As we show below, the condition (10) is reduced to the restriction on the electric field applied to the crystal sample. In the case (10), the kinetic equation (3) - (4) with account of (5) takes the form:
The ratio k k F / can be replaced by 1 with high precision. Crystals of Cu, Ag, and Au have a face-centered cubic lattice. Let the field E coincides with the direction [111] along the diagonal of the cube. Then (11) can be rewritten as:
Taking into account (6), from Eq. (12) we find the electron distribution function:
Here the unit vector E / E e  , * k is the parameter determined by the condition of electrical neutrality of the crystal:
where  is the Heaviside step function. Now, for the above-mentioned good conductors Cu, Ag and Au we perform calculations the required fields for which one can use the distribution function (14). Taking into account (13) and (14), from (10) we obtain the restriction on the electric field in the metal crystal: 
and the current is defined as:
The integrals (17) and (18) over the spherical shell are reduced to one-dimensional integrals 11 . As a result, Eq. (17) takes the form: /   in the round bracket on the left side of (19) is omitted, and the current (18) is rewritten as: 
. As a result, from Eq. (19) we obtain:
Finally, the current is given by:
Note that for the perfect crystal the current is proportional to
at a finite value of the field E . In the limit 0  E the current vanishes. In this case the field heating of electrons does not occur and, respectively, this electron-phonon scattering becomes impossible.
From (21) we obtain the expression for the phonon residual resistance of the perfect
is the voltage drop across the crystal. Note that the phonon residual resistance is proportional to
. Calculations of the phonon residual resistance will be given in the next section.
Residual resistance of pure crystals
Pure crystals can be characterized by both the impurity and phonon residual resistance. For a comparative analysis of these two contributions we use the Matthiessen rule, according to which the resistivity is the sum of the partial resistances for each scattering channel:
, where pcr  is determined by (22) and 0  is the impurity residual resistance which is proportional to the concentration of impurities. Now, we find the condition at which the phonon residual resistance of the perfect crystals can be experimentally observed for pure crystals. According to (22), it is possible if 0 3
where the crystal thickness d should be much larger than the impurity free mean path of electrons:
Here n is the electron density of the crystal.
Note that under the inequality (23) the resistance can be independent on the crystal purity, and is determined by (22) as though the crystal is perfect.
The review article 4 is collected the well-known experimental data on the electrical resistivity of pure crystals of Cu, Ag, Pd, Au. For us the temperature-independent impurity residual resistances are important. For copper with the purity of 99.999% the recommended value of the residual resistance cm   9 0 10 * 2  , as shown by the thick curve in Fig.5 in the paper 4 . Copper with a purity of 99.9999% has the resistance of about one order of magnitude lower than that presented above (see the curve 279 in Fig. 5 ). The value cm   10 0 10 * 2 . 1  can be reached in the more pure copper (the curve 185 in Fig. 5) .
Given (22), the total resistance can be presented in the form:
In (24) . The curve 1 in Fig. 1 corresponds to equality of the right and left sides of (16). In the region below this curve the inequality (16) is satisfied and, accordingly, the phonon residual resistance is given by (22).
The curve 2 in Fig. 1 demonstrates the crystal thickness dependence of the electric field at which the phonon residual resistance is equal to the impurity resistance. According to (24), the dependence has the form
, and the crystal resistance 0 2   . Note that for not too thin samples the curve 2 lies below the curve 1, as shown in Fig. 1 . Starting from these points on the curve 2, the decrease of the electric field leads to the sharp increase in the crystal resistivity.
On the inset of Fig.1 , for the 0.5 cm thick crystal the two curves marked by 3, represent the region of electric field (solid line) and the required temperatures (dashed line) in which the phonon residual resistance changes from 0  to 0 10 . In this region, the sharp increase in the resistance of the crystal is predicted with decreasing of the electric field. Here, taking into account of (22), the Fröhlich electron-phonon coupling parameter ( 0  ) can be found for the metal. For the 1 cm thick crystal this region corresponding to the tenfold increase in the resistance, is characterized by significantly lower values of the fields and temperatures, as demonstrated by the two curves marked by 4 in the inset of Fig.1 . cm. We conclude that for the samples with the same thickness more favorable conditions for experimental observation of the phonon residual resistance are realized for the more pure samples of copper. Using the data 4 , similar calculations are easily carried out for the other materials mentioned above.
Conclusion
It has been shown that even at zero temperature the perfect crystals of limited thickness possess the finite resistance, which is due to phonon inelastic scattering of electrons heated by the electric field. This resistance is determined by the bulk characteristics of the ideal crystal, in which the electron-phonon interaction is caused by zero-point vibrations of the atoms in the perfect crystal lattice sites. The main result is the expression for the phonon residual resistance (22) which is valid for the electric fields satisfying the inequality (16).
Improvement of the electrical conductivity of pure crystals is associated, as a rule, with the increasing of their purity. It results in the decreasing of the impurity residual resistivity only, but does not affect the phonon residual resistance. Using the Matthiessen rule, we have found the condition (23) at which the resistance of pure crystals does not depend on their purity, and is determined by the phonon residual resistance, as though the pure crystal would be perfect.
